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Growth of even simple crystals is a rather hard problem to describe because of the

non-equilibrium nature of the process. Meso(nano)porous silica particles, which are

self-assembled in a sol-gel template synthesis, demonstrate an example of shapes of high

complexity, similar to those observed in the biological world. Despite such complexity, here we

present the evidence that at least a part of the formation of these shapes is an equilibrium

process. We demonstrate it for an example of mesoporous fibers, one of the abundant shapes.

We present a quantitative proof that the fiber free energy is described by the Boltzmann

distribution, which is predicted by the equilibrium thermodynamics. This finding may open up

new ground for a quantitative description of the morphogenesis of complex self-assembled shapes,

including biological hierarchy.

1. Introduction

Emerging of various complex shapes in nature has attracted

the attention of scientists for centuries. The morphogenesis of

liquid crystals, a famous example of self-organization in a

non-biological milieu, has been studied since 1888.1,2 A century

ago, Haeckel3,4 called it ‘‘Studies of Inorganic Life’’ because of

its striking resemblance to complex biological morphologies.

The prediction of particle shapes, including the shapes

observed in the biological world,5–7 is one of the fundamental

yet unsolved problems. Despite being long-standing and

important, the problem of shape formation has not been

solved, even for the growth of simple crystals. The major

difficulty in understanding the growth is that a typical shape

formation mechanism is not an equilibrium process, and

kinetics is usually the dominant mechanism in the shaping

control. As a result, successful prediction of the shape has been

done so far through computer molecular simulations for

relatively simple monomolecular crystals.8

Mesoporous (sometimes called nanoporous) silica particles,9–11

which are self-assembled in a sol-gel template synthesis,

demonstrate an example of shapes of high complexity, similar

those observed in biological world. These shapes can extend

up to a few hundred microns and form mesoporous thin

films,8,12–17 spheres,18–20 curved shaped solids,9,13 tubes,21,22

rods and fibers,9,13,23 membranes,24 and monoliths.25 Fig. 1

shows an example of the variability of shape complexities.

2. Experimental

2.1 Materials

Cetyltrimethylammonium chloride (CTACl, 25 wt% aqueous

solution) and tetraethylorthosilicate (TEOS, 99.999%) precursors

were obtained from Aldrich. Hydrochloric acid (HCl,

37.6 wt% aqueous solution, J T Baker) Solutions were diluted

with either distilled or deionized water (18 MO�cm, MilliQ

Ultrapure). All chemicals were used as received.

2.2 Synthesis

The acidic synthesis of the fibers at room temperature

was described previously in ref. 26. Here we used the same

idea of the synthesis although varying the temperature

during the synthesis. The surfactant, acid, and ultrapure water

Fig. 1 Examples of mesoporous silica shapes. SEM images of

(a) discoids, (b) fibers,26 (c,d) ‘‘seashells’’,27 and (e) helix.28 The

particle sizes vary from single to hundreds of microns. All shapes

have hexagonal nanochannels of B3 nm in diameter. Highlighting

with colours is artificial.
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(18 MO�cm, MilliQ Ultrapure) were mixed in a plastic bottle

(HDPE), stirred first at room temperature (20 1C) for 1 min,

and then placed in either a refrigerator (4 1C) or into a water

bath (20 1C and 35 1C) for 15 min. Thermally equilibrated

TEOS (either at 4 1C, or 20 1C, or 35 1C) was added to the

acidic solution of surfactant of corresponding temperature,

and stirred for 30 s. The final molar composition of

the reactants H2O:HCl:CTACl:TEOS was 100:9:0.22:0.13,

respectively. The resulting solution was kept under quiescent

conditions for 3 h at 4 1C, or 1 h at 20 1C, or 30 min at 35 1C,

respectively. The material was collected by centrifugation

(5 min, 3000 r/min, IEC Clinical Centrifuge), then resuspended

in distilled water, and centrifuged again. The centrifugation

and resuspension procedures were repeated.

2.3 Characterization

Characterizaton was done by electron microscopy (SEMs:

JEOL JSM-6300, FEI Phenom; TEM: JEOL 2010). Using

SEM images, we measure the radii of curvature, thicknesses

and lengths of the fibers with Image Tool software (by

University of Texas in San Antonio).

3. Results and discussion

Relatively recently, it has been proposed26,28,29 that some

details of the shapes observed for mesoporous silica could be

explained as the defects typical for liquid crystals, the templates

which were formed during the initial stages of the synthesis.

Here we hypothesized that the shapes of particles themselves

are formed in an equilibrium process driven by the minimization

of energy and balancing it with entropy, i.e., described by the

Boltzmann distribution of its free energy. Here we demonstrate

it for curved mesoporous fibers, Fig. 1b and Fig. 2.

The choice of fibers is justified by three reasons: (1) A

variety of other mesoporous shapes can the obtained by just

changing acidity of the fiber synthesis.30 This indicates the

universality of the formation mechanisms of the mesoporous

shapes, including fibers. (2) The fibers are one of the abundant

and fairly monodispersed shapes in the family. (3) These

particles have the easiest geometry to process, which is needed

to calculate their free energy. In principle, we could repeat the

same study for any of the other shapes. However, it would

require a substantially higher amount of work to process that

data, and will supposedly be done in the future. From a

practical point of view, the study of fibers is also interesting

for the investigation of controlled release,31 biological

channels,32,33 properties of interfacial water,34–36 and the

capillary of rocks in geophysics,37–40 etc.

To test our hypothesis about the thermodynamical equilibrium

of the fiber free energy, we synthesized fibers at three different

temperatures: 4, 20, and 35 1C. Fig. 2 shows certain differences

in geometrical parameters of the fibers synthesized at those

temperatures.

Higher magnification images reveal a hexagonal cross-

section of all fibers, Fig. 3. Transmission electron microscopy

(TEM, JEOL 2010) imaging of the fiber edges, also shown in

Fig. 3, shows that the mesochannels are running along the

fiber. X-Ray and gas adsorption (data not shown) confirm that

we are dealing with a hexagonal orientation (p6mm) of highly

uniform nanoscopic channels of B3 nm.

Let us now show that the free energy of these fibers is

described by the equilibrium thermodynamics, i.e., Boltzmann

distribution. Thermodynamics requires the chemical potential

m to be constant for all shapes:

m = m0 + kBTln(X) = const, (1)

where m0 is the free energy of a shape, X is the relative number/

concentration of the shapes having free energy m0, T is the

temperature and kB is the Boltzmann constant.

Because the fibers inherit the internal pore structure of

nematic liquid crystal template, their free energy may be

Fig. 2 Scanning electron microscopy (SEM, FEI Phenom) images of

mesoporous silica fibers synthesized at different temperatures: (a) 4 1C,

(b) 20 1C, and (c) 35 1C. The synthesis of the fibers the temperature of

4 1C was described previously in ref. 27. The same synthesis was used

here for the other temperatures. The only difference was in the

synthesis time: for 3 h at 4 1C, 1 h at 20 1C, and 30 min at 35 1C.

Fig. 3 Representative SEM images show a hexagonal cross-section of

fibers. Transmission electron microscopy (TEM) imaging of the fiber

edge demonstrates that the nanochannels are running along the fiber.

A schematic of a fiber shows the notations used in the text.
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described by the Frank–Landau free energy formula 41 for

nematic liquid crystals:

m0¼
Z

Volume

K1

2
divn

!
� �2

þK2

2
n
! � rotn!
� �2

þK3

2
n
!� rotn

!
h i2� �

dv

ð2Þ

where~n is a unit vector tangential to the nanochannels (similar

to the director-field of the nematic crystal), and K1,2,3 are the

elastic modulus values corresponding to splay, twist, and bend

deformations, respectively. Because we do not observe a

noticeable amount of fibers that are twisted around the axis

of symmetry or splayed fibers, the terms with K1 and K2

vanish. It should be noted that surface energy appears not to

play a noticeable role here because of the well defined

hexagonal cross-section of the fibers (the role of surface tension

is in particular in rounding the edges of the shapes – see ref. 42).

Integrating over the fiber gives the following result (see the

ESIw for more detail):

m0 ¼ lK3

ffiffiffi
3
p

2R
d ln

d � 4R

3d � 4R

� �
þ 4R ln

4R

4R� d

� ��

�2 d � 2Rð Þ ln d � 4R

2d � 4R

� �� ð3Þ

Here l is the length of a fiber, d is the diameter of the fiber, R is

the radius of the bent fiber (Fig. 3).

Eqn (3) is derived for a particular orientation of the fiber

shown in Fig. 3. However, m0 is virtually independent of the

fiber orientation. It changes within 0.002% for the typical

geometry of the fibers (see the ESIw). Therefore we do not

specify the difference in the rotation angle when collecting

geometries of the fibers in our measurements.

Rewriting eqn (1), one obtains the Boltzmann distribution

law that we test

X(m0,T) = A(T)exp[�m0/kBT], A(T) = exp[m/kBT]. (4)

Taking the SEM images (but with a lesser number of particles

for the ease of processing), one can find the required geometrical

parameters, l, R, d to calculate the free energy m0.
The processed data are presented in Fig. 4 as histograms. It

shows the logarithm of the number of particles with particular

m0/K3. The Boltzmann distribution given by eqn (4) should be

represented by a straight line. To compare with the Boltzmann

distribution, it is drawn using K3 taken as the most probable

for the observed m0 from the point of view of the Boltzmann

distribution (it is found by the maximum likelihood method).

One can see a very good agreement of the observed statistics

with the Boltzmann distribution. Some small deviation is

observed for large free energies, i.e., for the fibers of high

curvature. This is presumably explained by the fact that the

ends of such fibers can be pulling towards each other by van

der Waals force, which is not taken into account in the

Frank–Landau formula (2). This additional force will

contribute to the increase of fiber curvature, and consequently,

to higher internal energy. Ultimately, this force and the

Browning motion bring the fiber ends together, so the fibers

are ‘‘glued’’ together (Fig. 5).

The reason for the shaping mechanism to be an equilibrium

process is presumably as follows. Freshly formed mesoporous

silica particles, including fibers, are sufficiently soft. Consequently,

they can be entropically bent by Brownian motion. Condensation

of silica goes through the increase of the number of cross-

linking –Si–O–Si– vs. –Si–OH OH–Si– bonds.43 It results in

the increase of fiber rigidity. However, this process is relatively

slow (from tens of minutes to days), and the shape free

energies have sufficient time to be equilibrated with the

thermal bath of the environment. Consequently, the free

energy of the fibers is described by the Boltzmann distribution.

In other words, equilibrium thermodynamics can be considered

as an adiabatic approximation for the formation of the fiber

shapes. As time goes on, condensing silica becomes more rigid,

and at one point, the Brownian motion cannot ‘‘bend’’ the

fibers anymore. The fibers ‘‘quench’’ their shapes at that point.

Fig. 4 Distributions of free energy for mesoporous silica fibers

synthesized at different temperatures: (a) 4 1C, (b) 20 1C, and

(c) 35 1C. The straight lines correspond to the Boltzmann distribution

with parameter K3 calculated as the most probable for the assumed

Boltzmann distribution.

Fig. 5 Typical SEM images of high curvature fibers with the ends

‘‘glued’’ together.
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4. Conclusion

Here we presented the evidence that at least a part of

formation of mesoporous silica shapes is an equilibrium

process. We present a quantitative proof that the fiber free

energy is described by the Boltzmann distribution, which is

predicted by the equilibrium thermodynamics. This was

demonstrated for the syntheses of fibers at three different

temperatures.

It is worth noting that the same reason is applicable to

the synthesis of all mesoporous particles of other shapes.

Moreover, a similar slow rigidification takes place for the

growth of seashells, diatoms, bones, etc. Therefore, we believe

that this finding may open up new ground for the quantitative

description of the morphogenesis of complex self-assembled

shapes, including biological hierarchy.

I. S. acknowledges support from NSF (grant CBET

0755704) and ARO (grant W911NF-05-1-0339).
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